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INFLUENCE OF INITIAL IMPERFECTIONS ON THE BUCKLIIEG OF
ELASTIC SHELLS UNDER MULTIPLE CRITICAL LOADS

L. S. SRUBSHCHIK

The buckling and post-critical behavior of elastic conservative, shallow shells
with very small initial imperfections in the middle-surface shape are investigated
for several coincident critical loads. In this case the buckling mode of the
shell in the initial post-critical stage is a linear combination of many eigenmodes
and a computation of the critical loads is related to the need to solve systems of
nonlinear algebraic equations /1,2/. The analysis is on the basis of the Mushtari— Donnell
—Vlasov equations /3/ by the Liapunov-Schmidt operator method /4—9/. 1In the case
of shells of arbitrary shape, asymptotic representations are constructed of new
equilibria in the initial post-critical stage, a system of bifurcation equations and
formulas to determine its coefficients are obtained, and equations of the critical
load surfaces are also derived as functions of the shell imperfection parameters.

A complete solution of the problem is given for the non-axisymmetric buckling
of the axisymmetric equilibrium of shells of revolution. Computational formulas
are written down for the coefficients of the system of bifurcation equations and an
algorithm is constructed to determine all its solutions. It is shown that taking
account of the connectedness of the eigenmodes yields a substantial reduction in
the upper critical pressure. Results of computations are presented for spherical
and conical shells in two eigenmodes. According to the computations and experiments,
the divergence of the theoretical values of the upper critical loads and the actual
snap-through lcocads of a broad class of elastic shells is related mainly to small
initial deviations of their shape from the assumed geometric surface /10— 12/.Koiter
was the first to investigate the buckling of imperfect shells, and his researches
were continued by a number of authors using variational principles (see the surveys
/1,2,13—16/, almost all the papers cited in these surveys are limited to a study
of buckling in one eigenmode).

1. On the formulation of the problem. Operator form of the equations for
the perturbations. The system of nonlinear equilibrium equations of elastic shells with
initial imperfections in the middle surface shape (the Mushtari— Donnell—Vlasov variant /3/,
p.10l) can be represented in the form

A% — [w—z, Fl + ElC, Fl=gq, €AY +Yslw, wl — [z, w] — §[L, wl =0 (1.1)

A = AN, Aw=1lw + Lw, lw, Fl = Lwl,F + LwhF — 2Ll F , llwzii<iﬂ> 4 ﬁ%g_g

1 8 (1 dw 1 B w . 1w 1 04 w1 0B ou
_( >+ 4B ba da * °°  AB 34dp BA 3B oa AR? 30 ap

We shall examine these equations together with each of the boundary conditions on the contour
r (/3/)
DWw=wy —viwy=F=F, =0, p=0, Y)w=w,=F=F,=0, Jw=w=0 (1.2)

ToF = T3 =0, TWF=Fy —~vF, +uwFy, T3F = Fopp - (2 +v) Foge + Fs + Q2 + V)%, F, — 2 (1 —v) Fp

All the quantities in (1l.1) and (1.2) are dimensionless and related to the dimensional gquantit-
ies in /3/ by the formula

afw, z,0,B—p, s, 1} = {W, 8, a1, 05 1, T, %71}, 6 =R (ay)t, ¥ = EFa’th, X =Eyetq, y>=12(1 — v?)

Here a is the characteristic dimension of the domain D,z is the middle surface of an ideal
shell, z(s) =0 for s&T, Ef(a, B) is the dimensionless initial deflection and |% |< 1. The
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functions ¢ (, f), z (@, p) are considered sufficiently smooth. The boundary conditions corres-
pond to: 1) moving hinge support; 2) sliding clamping of the edge; 3) absolutely rigid
clamping of the edge.

Let z* = (w*, F*) denote the fundamental solution of the problem (1.1}, (1.2) for £=0,
and let us investigate the buckling of the appropriate equilibrium as the load changes. We
assume the load to depend on a single parameter p and the buckling of the fundamental equili-
brium of an ideal shell to appear as buckling at the bifurcation point p,. Assuming

we=w*+ o F=F¢-+vy p=p, L2 (1.3)

we obtain a system of equations in operator form

Mua=Tz+ D A"Coz—ETz+E D ARy Moz = (2A20 + [z, 9] — [w* (po), ¥] — [F* (py), 0}, (1.4)

m=1 m==0

- 32/32‘1’ + [zy ol — [w* (Po)s (1)])1 z = (o, V) Iz = ([(’J’ 119]’ 1/2 [(‘)1 ﬁ)])7 Tr = ([Q, U,J], [Q, 0.)])

— R =15 Pul, (& D), Oz = (lo®, W1+ (Fu, 0], (0¥, 01 fwn®, Py = oo (i, P|

together with boundary conditions of the form (1.2)from (1.1) and (1.2) for small perturbations o,

P, A

2. Application of the Liapunov— Schmidt operator method. As a result of
linearizing the problems (1.1), (1.2) relative to z*, we have a system
Mz =10, z=(0,V) (2.1)

together with boundary conditions of the form (1.2).

Let a system of m vector-eigenfunctions correspond to the eigenvalue p, of the oper-
ator M,. Orthonormalizing it relative to the metric of the space E' that is introduced in
/9/, and letting ¢; = (0, ¥;) denote the vector-eigenfunctions obtained, we have

{pi, 9B =035, 4, ] =12, ..., (2.2)
where §;; is the Kronecker delta. Then because of the formal self-adjointness of the operator
M, , the schmidt operator M, can be constructed in the form /5—7/

n
Muax= Mz + ‘2, aipiPi, W= <E PR, a4 S (% + $:®) ABdadp=1, i=1,2,...,n (2.3)
=1 b
Now, by using (2.3) we obtain the equation
Muag=Tz+ 3 V*Cpx—tTz+E 3V A™R,, + > aimie; (2.4)
m=1 m=0 i=1

Seeking the solution z in the form of a series

z=_ D zpmepns. .. P«f,"’*jﬁo; (y=hy, kay o .o bne k=l + ks £ ... + Fny  ZTeojs = (@myje, Viwyin): (2.5)
k+j+062>1
k,j,8>0
where p;, A, § are small numbers, we find equations to determine (s from (2.4)

(2.86)
Mzayeo = a9 (ky =1, k; =0,i5],i=12,...,n)

. , 1 1) —
Mzono =0, Mizwn=FRo, Mizgs= 2 Cizgeyms + 2 ([(D(l)nn Yempptls 5 L0y w(m)vt]) — (&, Yoniads 18 0rysl)
ni=j

po (I8 F*l, (G w*N=Fwmiss k+7+8>2, p=8—1, (M=my,my, ... ,mu )=l b, ... 1ln

Here po,=1 1if (()=0,8=1,j>1, and p, =0 in all other cases. The boundary conditions
have the form (1.2). Summation over the symbol X’ occurs over all subscripts m; + U =k,
mn+vy=j r+t=3§, where my I, n, y,r,t are nonnegative integers. According to the
generalized Schmidt lemma /5/, there exists a reciprocal linear bounded operator My, Hence,
all the problems (2.6), (2.7) are solvable. In particular, we have xugy = 91 for k;=1,k =
0, (i = j)and  zne = 0. By using (2.6) we obtain a system of bifurcation equations /6/ from the
expressions for p; in (2.3)

D; = aDE + AP + Cmipmis + brmipmpps + ... =0 (2.7)
where i varies between 1 and n and the ordinary summation rule is used. Applying (25.6) in

/5/, we find the formula (6) from /9/ to determine the coefficients in (2.3) from (2.5), (2.6)
but with V.*,{1* replaced, respectively, by Fy*, Fi*.
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For i =j conditions (2.2) permit evaluation of the constant factors e; =0 to the
accuracy to which the vector eigenfunctions ¢; = ¢;X; are determined, where X,; also satisfy
the system (2.1). By using the change of variables

vi = Wie;, @ = ;X a,\) = e, DO ¢ () = gie CoD, a,, = eiemeid i, by = eiepmeer By

it can be seen that the system of bifurcation equations (2.7) and the asymptotic representa-
tions (2.5) result in a form independent of the amplitudes ¢;. Therefore, arbitrary numbers
not equal to zero can be taken as e; in the calculations. In particular, it can be assumed
e =1 or e = [maxp|X; |1, i=1,2, ..., n. This simple fact permits elimination of the
uncertainty in the Koiter theory for a linear combination of buckled modes in the initial
post-critical stage /17/.

Therefore, the problem of constructing equilibrium modes adjacent to z* in the neighbor-
hood of p, is reduced to the problem of seeking all real solutions of the system (2.7). After
the solutions of this system have been found, the asymptotic representations of the equili-
brium are obtained from (2.5). In the case of an imperfect shell (§=0) , surfaces of values
of the critical loads p*(A3, 4, ..., 4,) are formed in a sufficiently small neighborhood of the
bifurcation point p,, where A; = a™. To determine them, we shall solve the system (2.7)
in combination with the necessary condition for buckling of the fundamental equilibrium /18/

Oy = det || 00; /0yl =0 (5,7 =1,2, ..., n) (2.8)

Such a method permits finding the surface of critical load values as a function of n para-
meters characterizing the shell imperfections without seeking all the branches of the solu-
tions of the system (2.7).

Let A; be functions of a certain parameter s and let the vector X,=={m° u.° ..., u.°
A} be the solution of the system (2.7), (2.8) for some value s = §y. Differentiating its
equation with respect to s, we obtain the system

n

oD, op ab. s A (2.9)
] * —_— — M
E 6—7_5si_+ I =0 (L_1,2,...,n+1)

=1

For s, =s, + As the solution of (2.7), (2.8) is found by using the Newton iterations
Xy = X — D7 (X, 81) @ (Xiy 1), Xy o= {a®, 1®, o) pa®,4), @ = (D), @y, ..., Dpia} (2.10)

Here D! is the inverse matrix to the matrix of the system (2.9), and k= 0,1, ..., [, where
! is the given number of iterations. Formulas (2.10) permit construction of the critical

values p*(s) along a certain given path governed by the law of variation of A; on s. Along
this path the value p* is a limit point, with the exception of the case when the rank of the
whole matrix is less than n -1 and p* (% p,) is a point of secondary bifurcation. Conver-
gence of the iterations (2.10) drops as it is approached, since det (D) tends to zero. Let
us note that the points of second bifurcation arouse special interest /2/ since they are
characterized by an abrupt qualitative change in the system behavior.

3. Nonaxisymmetric buckling of shells of revolution in many eigenmodes.

The solution, based on the Koiter theory, is represented in /19/ for the problem of the initial
stage in nonaxisymmetric buckling in one eigenmode for a rigidly clamped spherical dome sub-
jected to a load distributed uniformly over a circular domain with center at the apex. Com-
putational formulas are obtained in this section for the analysis of the initial stage of
nonaxisymmetric buckling in many eigenmodes of the axisymmetric equilibrium z* of arbitrary
shells of revolution closed at the apex.

We derive the equilibrium equation of a shell of revolution subjected to the axisymmetric
load ¢q =gq(r,p) from (1.1), (1.2) for A =1,B=a= r,f=0. The boundary value problems
obtained for (=0 and any p have the axisymmetric solutions z* (r) = (w™* (r), F* (r)) that is
determined from the system of nonlinear equations with the boundary conditions

e2Au +uv—8w + @ (r)=0, BzAU——-—;-uz—i—O*u=0 (3.1)
: dw* aF* a
AO=—rg2+2r() o= p={e@ pur, uwe, =5 v PD="75" F =00
0
r du dv u v
1 | a +vu]r=1=v(1)=0, 2 u(l)=v(1)=0, 3)u(l)= [ 2 —%u]r=l=o, L, <

Let us assume that the buckling of the subcritical equilibrium of an ideal shell of
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revolution is manifest at the bifurcation point p, in terms of the nonaxisymmetric buckling.
Following /20/, we shall seek the solution of the boundary value problems (2.1), (1.2) for
A=1,B=ag=r, =6 in the form

((:), ‘p) == €08 nexn (7‘), Zn (7‘) = (Wn, f’n) (3.2}

Here n is an integer. After separating variables, we obtain a system with boundary conditions

/20/

1 e 2 1 " 1 ) 2 1 "
lg)anﬁL:wn‘*‘T(B*_uo) (fn ﬂ‘?."iﬂ)‘*‘?(e#"‘uo)fn ‘_‘—r‘yo (wn W%‘V)n>—711010n =0 (3.3)

i ’ ’ 2 "
1, @Or, = —eL%, + {8y — u0) (w,‘ — -'-:-wn) + % (8, —uo) 1, =0

LO=(Y++(—5() =00 w,=00Y) u(p)=us v(m)=0, (y=241

-

i} wﬂxw;+vwn;=fn =f'n' =Or 2) Wy '—‘:wﬂ' = fn =fn} =0
) we =wy =fu" — ) + =0, 7 — @+ V) 43+ (v —1)f =0

to determine Wy, (r), fn () .

Exactly the same problems are obtained if the solution is sought in the form (3.2) but
with cosnf replaced by sin nf.

Let two vector eigenfunctions &, %, correspond to the eigenvalue p, of the problems
(3.3). Then four vector eigenfunctions correspond to the same value of the initial linearized
problem, and we write them in the form

@y = c08 sB (y1, 81), @, = cos mB (y4, 8;), @, = sin mb (yy, &;)
Pa=sins By, &), vi=vi() Si=08{), i=12

Here §,m are integers, where s=£%Yy; m,s<m. It can be shown that only two of the vector
eigenfunctions ¢; are linearly independent. Hence, we shall later consider the case of inter-
action between two modes ¢, and @, containing only cosines. For ke==2 ki =k, =1, =08 =
0 , we have from (2.6) for =g = (®1100) P1100)

Mixi100 = oy, \Pz] + log, P, oy, @y} = fr1ge (3.9

Hence, by applying ¢ and ¢: and seeking the solution 2uee 1in the form

Z1100 = E(r) cos (m — 5) 8 4 F(r) cos (m + ) 0 {3.5)
we obtain a system to determine E = (Ey, Ey)

WL E =Yy (Iy — L), WLE =Y (I,— 1) (3.6)

with the boundary conditions in {(3.3), but with the subscript n replaced by m-—s and =z,
by E, and the system

BN =y (Iy + L), IRlF =y (15 + I,) (3.7

to determine F = (Fy, F,) , with the boundary conditions in (3.3) but with z, replaced by F
and the subscript n by m -+ s, Here

rIy — Uys, 85 ml + (8, yu, 51+ (84, ye, ml + [y, 81, ), 7702 = 2sm (18] [wal + [84] [vaD) (3.8

rly = Lys, yo, M1+ [y, vu0 8l P20, = 2sm (9] [g], [ye, 8y ml = 91" (8 — m® 8,/ 1), Iyl =9 — /7
For m —s =1, by using the change of variable
g=rE —Ey, y=rE, —E;, |alr, yir [jop << {(3.9)

the system {3.6) is converted into the boundary value problem

2 (r g — 3alt) By —udy —vex = Va(r), — ey —y =3y + By —uxxr =V, (3.10
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2Ve=r (w8 + 8:yy)) +25(m/ 1) (yudy + 817s) —mPpy /8y — m2 81y, — s y1dy — 2 Bayy’s 2 Ve =
MY — M — Syt 2smypy/r, 2’ (1) +va()=y(1) =0
)z =y ) =0, Jz) =y ) —vw({) =0
Furthermore, from (2.6) we have
MyZyg00 = (o0, W1l, V2 [0y, o)) (3.11)
for k=k =2, k=0,j=8=0

An equation of such type is obtained in the investigation of buckling in one eigenmode.
Following /19/, we seek the solution (3.11) in the form

2000 = SU‘ (rydr 4+ B (r) cos 250 (3.12)
1

Here o, = (— Py, @) is determined from the problem
elrB) — B/l — v Bt e — B =g (), elra) ~a/rl—upPy+ 0, =g () (3.13)
81 (1) =Ya Is? (pibu/r) — w81, go () = Yu Is? (12/r) — 1'2l, [ au/r, Bu/r lmo << oo
HDE D+ =al)=0 2)fh)=a1)=0, ) =a 1) —va() =0

and the vector function B = (B, B;) from the system
1B = hy (1), @B = by (1), by = [p5, 1, 51 + (81, yu, 5] + 28 8] [l by = [,y 8]+ & [yl (3.14)

with the boundary conditions in (3.3) but with the subscript r replaced by 2s and z, by B.
The vector function Zoee is contructed in the form (3.12) but with s replaced by m, ox
by oy = (— B2, @), and B by D = (D, D,), which are determined, respectively, from the problems
(3.3)— (3.14) but with changing there 8, ¥1, 01, respectively,by m, 7,, 8,.
The coefficients of the system of bifurcation equations are derived from formula (6) in /9/ for
n=2.0mitting the tedious calculations,we present the final formulas to evaluate these coefficients

1
cgi)=l_m;Sﬁi Z‘; dr, P=cP=0, af}=0, by =bpN=>b=>bH=0 (i,m =12 (3.15)
0
1 1

1 1 1
b = — 4n S {g1ﬁ1 —oge — 5 (B + thZ)} dr, bE=—4n S {Glpz — 06— 5 r (HiDy + HZDZ)} dar

L] [

1 1
b%é == % {I —8 S (Bag1 — @282) dr} ' bﬁ?z = —’;— {1 —38 S (B1G1— 0, G) d"} s bg)z = bﬁ)z
1

0

1
I=$§ (BEv(li—Dp) + Bs{ls— 1) + Fy(Iy + In) + Fy (o + Ly dr
0

where G;, H; are obtained from expressions for g;, h; , respectively, by using the replacement
of s, y1, 61 by m, ys 85
To prove (3.15), there is used the identity

1
S {[Elv 61» S] + [61, El, m—s] —2 (m —S) s [EI] [61] r—-l} der —
[
{E181' Ve —$2Ey' 8172+ 2 (m — 5) SE1 (81'v2 — Suver ) —Erda've’ +
. 1 -
Ex (31vr 0t + § Ex{lvs, 81, 81 + (81, 3, m] — 2ms [ya] (2] -y dr
0

which is confirmed by integration by parts. The equality bG) = b3 is deduced from the two
formulas preceding it in (3.15). This equality is the corollary of the conservativness of

the construction. It is assumed in the derivation of (3.15) that s=s=Ysm and ss=Ysm (s<<
m).

We now assume that # vector eigenfunctions correspond to the eigenvalue pe ©f the
problem (3.3). Then we have n vector eigenfunctions of the form

Qr=cosm 0 (i, 0:), vi=v:i(), 6 =68(), i=1,2,...,n m<m<..<m, (3.16)

for the eigenvalue p, of the initial linearized problem (2.1). Her=s m; 3= Ysm;, m; 5 Yy my, (F > i).
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The vector eigenfunctions sinm; 8 (v:;, §;) are not included in the system (3.16) because of
their linear dependence on ;. Determination of the coefficients of the series (2.5) is
reduced to solving problems of either the form (3.4)— (3.10), or (3.11)~— (3.14).Coefficients
of the system of bifurcation equations are evaluated by formulas (3.15) with the appropriate
change in subscript (m; for s and m; for m).

We consequently obtain that the system {2.7) reduces to the form

n
O,=p (él iyt + k) +E8i=0 (=12,...,n), di= A}, @ip=hiye]t, ¢;#0, hy=hy (3.17)

In the case the conditions m; s Yem; or m;5=3m; are disturbed, some of the zero
coefficients in (3.15) will not be zero and the form of the bifurcation system (3.17) will
be changed (see /2,17/, for instance). In order to find the solution of the system (3.17),
we assume analogously to /9/

dy = ... =dp=0, d,%0, m=n—1 (3.18)

The first group of 2™ families of solutions of the system (3.17), (3.18), (2.8) is represent-
ed by formulas (9) in /9/. To find the second group of families of solutions, we assume

pk‘zpk,z...:pk,zo, 1<k]-<m; j=1,2,...,l (3_19)

We equate the expression in parentheses in the first m equations of the system (3.17), (3.18)

to zero. In the system of linear eguations with respect to p;? obtained we extract the matrix
that is obtained from the matrix of coefficients ay; by cancelling columns with numbers %, k,,

..., ki androwswithnumbers |k, kp, ..., k., n. We denote the extracted matrix of order n — [
by Ek"'""‘k’, and its determinant by FE, i.e.,

E = det (E"™*) = det [l a,ll, 1<r<<m

reEky ke ook AKsCn, s#ERL K, L, R,
ki ks=n

(3.20)

Solving the system of equations with the matrix E™* " we obtain for i ky (j~1,2, ..

m’
p?=—MEH;, H;= 3 E, (3.21)
ra=)
Here FE,; is the cofactor of the element. a,; of the matrix Ek‘k’“‘k’, and the prime means that the
summation is over subscripts which do not agree with ki, %, ..., k. Substituting (3.21) into
the last equation in (3.17), we obtain

Po— p=—A=EH;" {gd,, (E — é’ g Ht)} (3.22)

Here the double prime means that the summation is over subscripts that donot agreewith fy, &, . . .
k. All the families of solutions of this group are obtained by a change in the number [ in

’

(3.19) and by sampling ! of the subscripts &y, ks, ..., & from m elements. It can be shown
that the number of solutions of the form (3.21), (3.22) equals m2™! Let us note that the
number of families of solutions here and in /9/ were computed relative to pi®. Upon extract-

ing the square root, different solutions can appear, which differ in sigp in part or all of
the ;. Each of these sclutions generates its surface of critical loads although the values
of A are identical for them for dy = ... = d, =0, d,= 0  (see Sect.4, below).

4. Spherical shell under uniform external pressure. A packet of numerical pro-
grams for the BESM-6 electronic computer was compiled by the formulas from Sect.3 by using
finite differences in combination with matrix factorization and the procedure of continuation
in the load parameter /19-21/. Let us present some results of computations for imperfect
spherical shells.

Let g, be the classical value of the critical pressure for a complete sphere A=2[3( —
V017 (HIRY'!, py = pylge, where H is the shell rise, & is its thickness, v is the Poisson's ratio,
and py 1is the critical pressure of the nonaxisymmetrical buckling of an ideal spherical shell.
There then results from /20/ that two vector eigenfunctions with the harmonics s=1i, m = 12
and amplitudes determined from (3.1), (3.3) for 6, = —r correspond Lo the least eigenvalue
po=0.790 of the problem (2.1) in the case of rigid support of the edge for A=17.

Evaluating the coefficients of the system of bifurcation equations by means of (3.15),
we obtain that the critical loads p*(4:;,4;) are determined as functions of the geometric im-
perfections from the system of eguations
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a1
- =0, kj=1,2
0, det“ ny apj“ )

v
Ty (4.1)
V = 910.74p,* + 1023.58p,% + 3871.801,20,8 + (p — po)(2123.50,% + 2377.44p,%) + § (A + Aapg)

Let us note that because of (3.15) the coefficients by, and b, are equal. However,
to check the computation, they are evaluated independently by the formulas represented in
(3.15). The discrepancy between the values obtained is 0.018%. Using (4.1), we find the
coefficients

4y = agy = 0.8578, by = a;, =1.8233, a3 = ayn = 1.6286, b, = ayy = 0.8636 (4.2)

for the system (3.17) for a=2. For an initial deflection §li(r)cos 128 (in the 4,=0 plane)
we find three critical values of shell snap-through governed by the formulas

P =po —m (A8, JE|<€1, 1=1, 2,3 4 (4.3)

= [1.5 (3b) 794 = 1.798, 1y = by(by — o)/ = 1.871, 1y = ne = [1.5A47 (38,4, 1) 1a,]'/* =~ 2.892

1
—al m2
4 = S {(CE"’O)' Yo+ (&0 8 — =~ Lo (@0'y2 + "0'62)} dr, Ay =0y — a5 Ay= by — agh,
2 0
in a sufficiently small neighborhood of p,, from formulas (9) in /9/ and (3.21), (3.22). We

hence have four solutions

1 e A 5 ;
=0, w® =[5 L51]", wP =0, pP = Ly (4.4)
m® = [(Ly — by a7, g = pe® = — [LyAgdy 1]
w® = —p®, @ =, L= —di=po—p, i1, 2, 3,4

For an initial deflection &, (r)cosi18 (in the d,= 0 plane), we deduce
PV =po—u (" [E1<€1, 1=05,6,78, % =179, x=1.937, x =x, = 2.323 (4.5)

from (9) in /9/ and (3.21), (3.22). Here 4, is obtained from d, by replacingm by s and all

the subscripts 2 by the subscripts 1. Formulas for solutions for ;=25,6,7, 8 are obtained,
respectively, from (4.4) for i=1,2,3,4 by replacing ay, by, ay, b, , respectively, by b, ay, b1, a1,
and moreover, u%, p,? by p®, p¥.  Values of ™, D, and L; for i=1 and 5 correspond to
buckling in one eigenmode /19/.

To construct the critical load surfaces as functionals of the geometric imperfections Ed;
and 8, , we solve the system (3.17) numerically for n=2, (3.18), (4.2) with the applica-
tion of formulas (2.10). Let us introduce polar coordinates by setting &d, = R cosa, td, = R sin o,
where O a<2rn . Continuing each of the solutions (4.3)— (4.5) along the angle « for fixed
R we obtain that four surfaces L; (§d), 8d,) are located above the plane L=0, where i=1,2,3,

4. For n=2 the system (3.17) possesses symmetry properties when the signs of & or
are reversed. A section of these surfaces by a circular cylinder with radius R = 0.01 is
represented in the Fig.l. The surface I, rasses through the curve (4.3) for i=1 and (4.5)
for =35, which are obtained under the assumption
of buckling in one eigenmode. The intersection of
L, with the cylinder yields the curve I in the Fig.l,
which takes the value L =~0.0833 at the points a =0,
hm, ® and the value L =0.0955 at the points a =
Y, 3, close to the maximum values on theis curve.
There are no singular points on the surface L, ,where
det D = 0. (The point R = 0 is not taken into account).
The surfaces L, L;,L; are interconnected along the
rays a mentioned below to form a three-sheeted sur-
face with self-intersections and reentries in the
J J 2 A 4 4 three-space (d;,8d;, L). We mention at once that the
curves (4.3) for i=2 and (4.5) for i=6, that
lie on these surfaces, consist of singular points at
V which det D =0. For a=0 the surface L, passes

[ through the curve (4.5) for i=17, for a = 0.5x through
the curve of singular points (4.3) for =2, for
) L4 @ =n through the curve (4.5) for =7, and for

0.5 T 1.5 4.4 o =1.5x through the curve (4.3) for i=3. Upon
the traversal in a along this surface after a complete
Fig.l revolution, i.e., for a =23 we will not return to
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the curve (4.5) for =7, but will arrive at the curve of singular points (4.5) for =6,
which lies below. Along this curve the surface L, goes over into the surface L, in the five-
dimensional space of the variables td,,&dy, L, py, p,. Still another set of singular points is

on the surface L, along the ray =x--a,, where a, = 0.730 . The intersection of L, with a
cylinder yields curve 2 in the Fig.l.

The surface L, passes through the curve of singular points (4.5) for =6 for a=0,
through the curve (4.3) for i=3 for «= 05z, through the curve (4.5) for i=8 for a=n,
and through the curve (4.3) for i=2 for aoa=15n. Upon a traversal in « along the surface

Ly after a complete rotation, we arrive at the curve (4,5) for i=28, along which the surface

Ly 1s connected to the surface L, in the five-dimensicnal space. Along the ray a —a, there
is a family of singular points on L; . The intersection of L, with the cylinder yields the
curve 3 in the Fig.l.

The surface L, passes through the curve (4.5) for 1=8 for o« =0, through the curve
(4.3) for i=4 for a=0835n, through the curve of singular points (4.5) for i=6 for

a=mn, through the curve (4.3) for i=4 for a=15 n, and after a complete rotation in ¢«
arrives at the curve (4.5) for i=17. The surfaces L, and L, are connected along this last
curve. Singular points are located on the surface I, along the rays o, and 2n—a,. The inter-
section of L, with the cylinder yields the curve ¢ in the Fig.l.

Therefore, by making cne complete rotation in @, we pass the surface L, and drop onto
the surface L;, which we traverse as a result of the second complete rotation in «, and we
now drop onto the surface L,. After the third complete rotation in « we pass the surface [,
and return to the surface [L,. A further traversal duplicates the picture described above,

Let us present the coordinates of the points noted in the figure. The points 4,.B;, D, E; have
the ordinates 0.1073. 0.0899, 0.0868, 0.1342 , respectively. As has already been noted, the points

B;,D;,C;, where i=1,2 and j=1.2,3,4, are singular or secondary bifurcation points /2,22/.
The points €, C,, C3, €4 have the coordinates (o4, ye), (T— 0y, ye), (T + @4 ye), (20 — 2 yy), respectively,
where «, =0,730, y, == 0.0218, The points M;(a; 0.151) are of indubitable interest, where o = 0.981,
Gy =N — @, a3 =N+ &, @ =2n — ;. At these points curves 2,3, 4 take on maximal values, which
corresponds to the greatest reduction in the critical pressure for a given value of R=|§|{d*+
4,0)'* = 0.01.

5. Conical shell under uniform external pressure. There results from the numer-
ical results in /23/ that nonaxisymmetrical buckling along two eigenmodes holds for a
conical shell under uniform external pressure and rigid clamping of the edge when A =24
and p, = 0.242, where the appropriate harmonics have the number s=10 and m =11. In this
case computations by the formulas of Sect.3 result in the potential function

V = 42.434pix¢ + 44.722p1,% + 170.04p,2p% + (p — po)(1946.81pa* + 2183455 + & (dyps + Aata) (5.1)

For the initial deflection Ef,(f)cos118 (in the 4, =0 plane) we obtain (4.3) and (4.4),
where 1, = 0.6635, n, = 0.6767, 43 =1, = 1.1536. For the initial deflection £L;{(7)cos106 (in the d, =0
plane), we obtain (4.5), where x5 = 0.6515, %z = 0.7335, %, = »g — 0.8299. The location of the surfaces

L; is analogous to the case of the spherical shell described above; ¢, (0.7127, 0.0086); A7, (0.982, 0.060).

6. Spherical shell under radially varying pressure. Let us consider the non-
axisymmetric buckling of a rigidly clamped spherical shell under a pressure distributed accord-
ing to the law g¢ = 4psin (nr/2). The case of buckling in two eigenmodes holds for A =40, p, = 0.743,
where s=32 and wm =233 . Computations by the formulas of Sect.3 result in the system (4.1),
where the function ¥ now has the form

V = 1884.73 gt + 1960.78 prg? -+ 7708.95 g2 - (p — po) (5905.88 ® + 620191 pig?) + £ (Auty + Aaite) (6.1)

For the initial deflection #f;{r)cos238 (in the d, =0 plane) we cbtain (4.3), (4.4), where
m = 1.6237, My = 1.7029, 3 =y, = 2.4788. For the initial deflection I3 (r) cos 328 {(in the 4, —0 plane)
we obtain (4.5), where xg =1.6272, %y = 1.7390, », = g == 2.2185. The disposition of the surfaces IL; is
analogous to the preceding; ¢, (0.759, 0.018); M, (0.982, 0.119).

For a rigidly clamped spherical shell subjected to a pressure distributed according to the
law g¢=4pr* the case of buckling holds, for instance, for A =40, p, = 0.778, where s =33, m = 34.
Analogously, we find

V = 1344.68,8 -} 1397.08p,% + 5486.651,21,2 + (P — po)(5652.02y% + 5929.831,%) + § (4 + Auw)
For the initial deflection EL(r) cos348 we obtain (4.3), (4.4), where m = 1.4706, ny = 1.5419,

Ny = 2.24728, 13 = M- For the initial deflection Ef,(r)c0os330 we obtain (4.5), where g = 1.4754, % =
1.5770, %y — % — 2.0085. The arrangement of the surfaces L; is the same; (;(0.759, 0.020); M, (0.982, 0.131).

The author is grateful to I. I. Vorovich, V. I. Iudovich, and P. E. Tovstik for discussing
the results.
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